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Abstract

This report applies the gradient-based optimisation methods from ENEL445 to varia-
tional inference in hierarchical Bayesian logistic regression. This model combines two sources
of analytical difficulty from previous case studies: the non-conjugate logistic likelihood (Case
Study 3) and the hierarchical random-effects structure (Case Study 4). Group random ef-
fects u; ~ N(0,7, ') augment the fixed effects B, and the Jaakkola-Jordan (Jaakkola &
Jordan, 2000) bound is required to retain a tractable ELBO. The unconstrained parameter
dimension is D = 17.

Four optimisation methods are applied: CAVI, gradient ascent with Armijo backtracking,
Newton’s method, and BFGS. The reference posterior is provided by a Pélya—Gamma blocked
Gibbs sampler (Polson et al., 2013) with 7' = 50 truncation terms, 3 chains x 2000 iterations.

A key finding is pronounced posterior variance collapse in both Sy and £y (SD ratios & 0.46),
reflecting the mean-field VI family’s failure to capture the posterior correlation between the
fixed effects and the group random effects. CAVI and BFGS converge to the same ELBO
optimum 1050x and 81x faster than the PG Gibbs sampler respectively. Newton’s method
again fails to find the correct optimum, converging to a suboptimal point with markedly
worse ELBO.
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